We consider heat conduction across an ordered oscillator chain with harmonic interparticle interactions and also onsite harmonic potentials. The onsite spring constant is the same for all sites excepting the boundary sites. The chain is connected to Ohmic heat reservoirs at different temperatures. We use an approach following from a direct solution of the Langevin equations of motion. This works both in the classical and quantum regimes. In the classical case we obtain an exact formula for the heat current in the limit of system size N → ∞. In special cases this reduces to earlier results obtained by Rieder, Lebowitz and Lieb and by Nakazawa. We also obtain results for the quantum mechanical case where we study the temperature dependence of the heat current. We briefly discuss results in higher dimensions.
Introduction
Rieder, Lebowitz and Lieb [1] (RLL) considered the problem of heat conduction across a one-dimensional ordered harmonic chain connected to stochastic heat baths at the two ends. The main results of this paper were: (i) the temperature in the bulk of the system was a constant equal to the mean of the two bath temperatures, (ii) the heat current approaches a constant value for large system sizes and an exact expression for this was obtained. RLL considered the case where only interparticle potentials were present. Nakazawa [2] (N) extended these results to the case with a constant onsite harmonic potential at all sites and also to higher dimensions.
The approach followed in both the RLL and N papers was to obtain the exact nonequilibrium stationary state measure which, for this quadratic problem, is a Gaussian distribution. A complete solution for the correlation matrix was obtained and from this one could obtain both the steady state temperature profile and the heat current.
In this paper we use a different formalism to calculate the heat current in ordered harmonic lattices connected to Ohmic reservoirs (for a classical system this is white noise Langevin dynamics). The formalism has been discussed in detail in [3, 4] and follows from a direct solution, by Fourier transforms, of the Langevin equations of motion. A general formal expression for the heat current can be obtained and this has the form of an integral of the heat transmitted over all frequencies. For the one-dimensional case this expression for current was first obtained by Casher and Lebowitz [5] using different methods. An advantage of the approach used here is that it can be easily generalized to the quantum mechanical regime [4, 6, 7, 8, 9] . As shown in [4] the results obtained are identical to those obtained using the nonequilibrium Green's function method [10, 11] . Here we show how exact expressions for the asymptotic current (N → ∞) can be obtained from this approach. We also briefly discuss the model in the quantum regime and extensions to higher dimensions.
The model we consider here is slightly different from the Nakazawa model. We consider the pinning potentials at the boundary sites to be different from the bulk sites. This allows us to obtain both the RLL and N results as limiting cases. Also it seems that this model more closely mimics the experimental situation. In experiments the boundary sites would be interacting with fixed reservoirs which can be modeled by an effective spring constant that is expected to be different from the interparticle spring constant in the bulk. We also note here that the constant onsite potential present along the wire relates to experimental situations such as that of heat transport in a molecular wire attached to a substrate or, in the two-dimensional case, a monolayer on a substrate. Another example would be the heat current contribution from the optical modes of a polar crystal.
The paper is organized as follows. In Sec.2 we introduce the model and derive the main results of the paper. In Sec.3 we present results for the quantum mechanical case and in Sec.4 generalizations to the higher dimensional case. Finally we conclude with a short discussion in Sec.5. 
where x l denotes the displacement of the particle at site l from its equilibrium position. The particles 1 and N at the two ends are immersed in heat baths at temperature T L and T R respectively. The heat baths are assumed to be modeled by Langevin equations corresponding to Ohmic baths. In the classical case the steady state heat current from left to right reservoir is given by [3, 5] : 2) where
and I is a unit matrix. We now write G = Z −1 /k, where Z is a tri-diagonal matrix with
2 /k and all off-diagonal elements equal to −1. Then it can be shown easily that |G 1N (ω)| = 1/(k |∆ N |) where ∆ N is the determinant of the matrix Z. This is straightforward to obtain and after some rearrangements we get:
where
and q is given by the relation 2k cos q = −mω 2 + k o + 2k. This relation implies that for frequencies outside the phonon band k o ≤ mω 2 ≤ k o + 2k the wavevector q becomes imaginary and hence the transmission coefficient T (ω) decays exponentially with N. Hence for large N we need only consider the range 0 < q < π and the current is given by:
with mω
. Now we state the following result:
where g 1 (q) and g 2 (q) are any two well-behaved functions. This result can be proved by making an expansion of the factor 1/[1 + g 2 (q) sin (Nq)] (valid for |g| < 1 in the integration range), taking the N → ∞ limit and resumming the resulting series. Noting now that ∆ N can be written as
, we see that Eq. (2.4) has the same structure as the left hand side of Eq. (2.5). Hence using Eq. (2.5) and after some simplification, we finally get:
Eq. (2.6) is the central result of this paper. We now show that two different special cases lead to the RLL and N results. First in the case of fixed ends and without onsite potentials, i.e. k ′ = k and k o = 0, we recover the RLL result [1] :
The case k ′ = k, k o = 0 can also be obtained using the RLL approach [12] and agrees with the result in Eq. (2.6). In the other case of free ends, i.e. k ′ = 0, we get the N result [2] :
Quantum mechanical case
In the quantum case the heat current across a chain described by the Hamiltonian Eq. (2.1) and connected to Ohmic heat baths is given by [4] :
is the phonon distribution function and T N is as given in Eq. (2.2). Here we consider the linear response regime where the applied temperature difference ∆T = T L −T R << T with T = (T L +T R )/2. Expanding the phonon distribution functions f (ω, T L,R ) about the mean temperature T we get the following expression for the current:
We then proceed through the same asymptotic analysis as in the previous section and get, in the limit N → ∞:
We are not able to perform the above integral exactly. Numerically it is easy to obtain the integral for given parameter values and here we examine the temperature dependence of the current (note that in the classical case the current depends only on the temperature difference). In Fig.(2) we plot the current as a function of temperature in three different
Particularly interesting is the low temperature (T << (k/m) 1/2 /k B ) behaviour (shown in inset of Fig.(2) ) which is very different for the three cases. The low temperature behaviour can be obtained analytically by examining the integrand at small q. We then find for the three different cases: 
Higher dimensions
Heat conduction in ordered harmonic lattices in more than one dimension was first considered by Nakazawa [2] . The problem can be reduced to an effectively one-dimensional problem. For the sake of completeness we reproduce their arguments here and also give the quantum generalization. For L d → ∞, the heat current J(q) for each mode with given q is then simply given by Eq.(2.6) with k o replaced by λ q . In the quantum mechanical case we use Eq. (3.3). The heat current per bond is then given by:
Note that the result holds for finite lengths in the transverse direction. For infinite transverse lengths we get J = ... 
Summary
In this paper we have derived the exact formula for the heat current through an ordered harmonic chain in the limit of infinite system size. Our derivation is different from the methods used by RLL [1] and N [2] and is for a slightly different version of the models studied by them. We have presented the quantum mechanical generalization of the results.
In that case one gets, in the linear response regime, a temperature dependent current with interesting low-temperature behaviour. We have also stated the results for the general d-dimensional case.
